Abstract. The quantity that captures the asymptotic value of the maximum number of appearances of a given topological tree (a rooted tree with no vertices of outdegree 1) S with k leaves in an arbitrary tree with sufficiently large number of leaves is called the inducibility of S. Its precise value is known only for some specific families of trees, most of them exhibiting a symmetrical configuration. In an attempt to answer a recent question posed by Czabarka, Székely, and the second author of this article, we provide bounds for the inducibility J(A 5 ) of the 5-leaf binary tree A 5 whose branches are a single leaf and the complete binary tree of height 2. It was indicated before that J(A 5 ) appears to be 'close' to 1/4. We can make this precise by showing that 0.24707 . . . ≤ J(A 5 ) ≤ 0.24745 . . .. Furthermore, we also consider the problem of determining the inducibility of the tree Q 4 , which is the only tree among 4-leaf topological trees for which the inducibility is unknown.
Introduction and previous results
The study of graph inducibility was brought forward in 1975 by Pippenger and Golumbic, who investigated the maximum frequency of k-vertex simple graphs occurring as subgraphs within a graph whose number of vertices approaches infinity -see [10] for details and first results on the inducibility of graphs. To this day, there is substantial activity regarding this concept. In analogy to [10] , the inducibility of a rooted tree S with k leaves is defined as the maximum frequency at which S can appear as a subtree induced by k leaves of an arbitrary rooted tree whose number of leaves tends to infinity [4] [5] [6] . Bubeck and Linial [3] defined the inducibility of a tree S with k vertices as the maximum proportion of S as a subtree among all k-vertex subtrees of a tree whose number of vertices tends to infinity. We also mention that Sperfeld [11] extended the concept of inducibility to monodirected graphs, and also gave bounds (using Razborov's flag algebra method) for some graphs with at most four vertices.
For any of the aforementioned notions of inducibility, can the exact inducibility of trees (graphs) with a moderate size always be determined explicitly? The answer to this question turns out to be either undecidable or negative in general in the original context of simple graphs [3, 8, 9, 11, 12] . The concept of inducibility of a tree with k leaves is still new and the precise value of the inducibility is known only for a few classes of trees, most of them exhibiting a symmetrical configuration. The recent paper [5] raised some questions on the inducibility of binary trees, one of which is discussed and approximately solved within this note. The present paper also covers a related problem concerning the inducibility of a ternary tree with four leaves.
Since the inducibility of trees with k leaves is a newly proposed quantity, let us first turn to a preliminary account on the subject.
A rooted tree without vertices of outdegree 1 will be called a topological tree as in [1, 2, 6] . We are concerned with topological trees with a given number of leaves. If, in addition, every vertex has d (≥ 2) or fewer children, then the tree will be called a d-ary tree as in [4] . Instead of 2-ary tree and 3-ary tree, we shall simply say binary tree and ternary tree, respectively.
A leaf-induced subtree of a topological tree T is any subtree produced in the following three steps: consider a subset L of leaves of T ; take the minimal subtree containing all the leaves in L; suppress all vertices whose outdegree is 1.
An illustration of this process is shown in Figure 1 . For a topological tree T , we shall denote its number of leaves by |T |. 
By density of a topological tree S in T , we mean the proportion of all subsets of |S| leaves of T that induce a leaf-induced subtree isomorphic (in the sense of rooted tree isomorphism) to S. We shall denote this density by γ(S, T ).
The inducibility of S (as defined and studied in [6] ) is its maximum density as a leafinduced subtree of T as the size of T tends to infinity:
The limit is known to exist (see [6, Theorem 3] ).
Similarly, when the underlying set over which the supremum is taken is restricted to d-ary trees, we define
to be the inducibility of a d-ary tree D in d-ary trees (again, the limit is known to exist- [4, Theorem 3] ). The subscript d is used to emphasize the fact that we are taking the maximum over the set of all d-ary trees.
While in the past many results on the inducibility were obtained for graphs, this is not yet the case for trees and many challenging questions remain. The problem of computing the inducibility of a tree appears to be quite difficult even for trees with a small number of leaves-already the inducibilities of some trees with only four or five leaves are not known. Among 5-leaf binary trees, the tree A 5 (Figure 2 ) is the only one for which the inducibility has not been determined yet. Also, the inducibility of the 4-leaf ternary tree Q 4 shown in Figure 2 is unknown.
The binary tree A 5 .
The ternary tree Q 4 . In earlier papers [4, 6, 7] , various lower bounds were given on the inducibility of topological trees and thus the inducibilities of Q 4 and A 5 . In this note, we shall propose constructions that yield improved lower bounds on the inducibility of the two trees Q 4 and A 5 . Moreover, using a computer search, we shall be able to bound both the inducibility of A 5 in topological trees and the inducibility of Q 4 in ternary trees from above.
The inducibility of some families of topological trees is known precisely. As such, we have stars, binary caterpillars [4] , complete d-ary trees and more generally, so-called even d-ary trees [7] . We already know the inducibility of all topological trees with at most three leaves: each of them has inducibility 1, except for the star with three leaves, which has inducibility (d−2)/(d+1) in d-ary trees. There are only five different topological trees with four leaves (see Figure 3) , and the precise inducibility of four of them is at least partially explicit value of I 2 (A 5 ) in the limit, which we obtain as a function of the global maximum of a certain three-variable polynomial over a specific domain.
Statement of results
Paper [6] covers, among other things, the relationship between the degree-restricted inducibility I d (S) in d-ary trees and the general inducibility J(S) in topological trees at large. It was proved in [6] that
A d-ary tree will be called a strictly d-ary tree if each of its internal vertices has exactly d children. By a result in [4, Theorem 5], we also know that the underlying set over which the maximum density in d-ary trees is taken can be reduced to strictly d-ary trees, that is
In [5] , the authors formulated some questions and conjectures on the inducibility in binary trees, one of which was solved recently in [4] . Among the questions posed, one of them asks for the inducibility of the 5-leaf binary tree A 5 (see Figure 2 ). As mentioned in the introduction, this problem appears to be quite hard and finding a sequence of binary trees that yields I 2 (A 5 ) in the limit also appears to be a difficult task. The authors of [5] further mentioned that I 2 (A 5 ) is close to 1/4, which will be made more precise here with the following result: Theorem 1. For the binary tree A 5 , we have
As part of the ingredients needed to prove this result, let us define a new class of binary trees (which is already considered in recent papers [5, 7] ).
The even binary tree E 2 n with n leaves is obtained recursively as follows:
is the tree with only one vertex;
• for n > 1, the branches of E 2 n are the even binary trees E 2 n/2 and E 2 n/2 . An example of an even binary tree can be found in Figure 5 . We shall prove the upper bound in Theorem 1 by means of an algorithmic approach. For the lower bound, we shall make use of the binary tree S(n 1 , n 2 , n 3 , n 4 ) whose rough picture is shown in Figure 6 , where each triangle represents an even binary tree. More specifically, to obtain the tree S(n 1 , n 2 , n 3 , n 4 ), we take the 4-leaf binary tree whose internal vertices form a path beginning at the root (the square vertex on top in Figure 6 ), and identify the four leaves with the even binary trees whose number of leaves is n 1 , n 2 , n 3 , n 4 , respectively in this order (starting with the top leaf attached to the root).
As a next step, we set up a formula for the number of copies of A 5 in S(n 1 , n 2 , n 3 , n 4 ); this formula is used together with a result on even binary trees from [7] to derive an asymptotic formula for c(A 5 , S(n 1 , n 2 , n 3 , n 4 )) as n = n 1 + n 2 + n 3 + n 4 → ∞. Finally, we compute (at least approximately) the global maximum of the main term in the asymptotic formula of the density γ(A 5 , S(n 1 , n 2 , n 3 , n 4 )) in the region defined by 0 < n 1 , n 2 , n 3 , n 4 < n and n 1 + n 2 + n 3 + n 4 = n.
As a closing comment, when we consider five or more even binary trees instead of four in the tree configuration of Figure 6 , we do not seem to get a better lower bound. We therefore expect our construction to be best possible.
Figure 6. The binary tree S(n 1 , n 2 , n 3 , n 4 ) described for Theorem 1.
Among the topological trees with fewer than five leaves, the 4-leaf ternary tree Q 4 ( Figure 2 ) is the only one for which we are yet to determine an exact inducibility. What is the inducibility of Q 4 (at least in ternary trees)? In what follows, we shall derive a lower and upper bound on I 3 (Q 4 ). Our second main theorem reads as follows:
Theorem 2. For the ternary tree Q 4 , we have
The proof of the lower bound in Theorem 2 is accomplished by an explicit construction (as in Theorem 1), while the upper bound is obtained by means of a computer search. We defer them to Section 5.
The star with k leaves is obtained by joining k distinct vertices to a new vertex (the root of the star). We shall denote it with the symbol S k .
The complete d-ary tree of height h is the strictly d-ary tree in which the distance from every leaf to the root is h. Such a tree has d h leaves in total and shall be denoted with the symbol CD d h . For a positive integer k ≥ 3, denote by Q k the tree whose branches are S k−1 and S 1 (the single leaf). The following proposition will serve as an intermediary result to proving a new lower bound on the inducibility of the tree Q 4 . Its proof will be given in Section 5.
Proposition 3. For all positive integers d, k, and h such that d ≥ 2 and k ≥ 3, the formula
holds. In particular, we have
for every d ≥ 2 and every k ≥ 3.
The next proposition shows that the bounds mentioned in Theorems 1 and 2 are much better than the natural bounds provided by the complete d-ary trees, cf. [7] . Proof. The specialisation d = 3 and k = 4 in Proposition 3 yields
As a special case of a result in [7, Theorem 1], we know that
while it was proved in the same source (see also [5, Proposition 2] ) that I 2 CD 2 2 = 3/7. This completes the proof of the proposition.
3. An algorithm for the maximum Our next theorem will be used to prove the upper bound on the inducibility of each of the trees A 5 and Q 4 . Here, we shall only discuss the tree A 5 (the case of Q 4 is analogous, as will become clear from the proof). We know from [4, Theorem 3] that
for all d-ary trees S and n ≥ |S|. Thus it suffices to determine the value on the right (which can be shown to be decreasing in n as n ≥ |S|) for as large a value of n as possible to obtain an upper bound. This will be the main goal of this section, where an algorithm for this purpose will be presented. We first need a series of lemmas. Proof. This is immediate from the previous lemma. Suppose further that
. Let T 1 and T 2 be obtained from T by replacing T [v] with S 1 and S 2 respectively; then we have
If strict inequality holds in (1), then we also have strict inequality in (2). Suppose further that
Now it follows that
Let T be obtained from T by replacing T [v] with S; then we have
If strict inequality holds in (3), then we also have strict inequality in (4).
Proof. As in the proof of the previous lemma, we have
The statement follows immediately. Now we are ready to describe the algorithm to determine the maximum number of copies of A 5 in a binary tree with n leaves. To this end, we define a sequence of sets of binary trees: intuitively speaking, L(n) consists of trees with n leaves that can potentially occur as fringe subtrees of "optimal" trees, i.e., binary trees that maximize the number of copies of A 5 . A formal recursive definition will be provided below. We also associate every tree T with the pair P (T ) = (c(A 5 , T ), c(CD 2 2 , T )), which can be interpreted as a point in the plane, and we set
The sets L(n) are recursively defined as follows:
(1) The set L(1) only consists of one tree, which only has a single vertex.
(2) For n > 1, we consider all binary trees with n leaves for which each branch lies in one of the sets L(m) for some m < n. Clearly, if one branch lies in L(k), the other has to lie in L(n − k). For reasons to become clear later (essentially, we are applying Lemma 8), we will be even more restrictive: we consider all binary trees with n leaves whose branches both lie in remove T from H 1 (n). If we have equality in both inequalities, we can arbitrarily remove either T or T . In geometric terms, the condition means that the point P (T ) lies to the left and below the point P (T ) in the plane. We repeat this step until there are no two trees T and T satisfying the aforementioned condition anymore. At the end, we are left with a set H 2 (n). (4) As a final reduction step, we eliminate all trees T from H 2 (n) for which there exist two trees S 1 and S 2 in H 2 (n) such that the inequalities of Lemma 7 hold, i.e., c(CD
.
Considering the set of points {P (T ) :
T ∈ H 2 (T )} in the plane, this amounts to taking the upper envelope of the points. The resulting set after this reduction is L(n). At this point, we can arrange the elements of L(n) as a list of trees T 1 , T 2 , . . . , T r such that c(CD T r ) , and the sequence of "slopes"
is strictly decreasing. This also makes it easier to construct the set in step (2): the trees from L(m) that are allowed as branches are precisely those starting from the point where the slope is less than m − n. Due to the rules of the two elimination steps, the following holds for all T ∈ H 1 (n) at the end:
• Either there exists an S ∈ L(n) (possibly T = S) such that c(CD • or there exist two trees
The following theorem shows that the maximum of c(A 5 , T ) for binary trees T with a given number of leaves can be determined purely by focusing on the sets L(n). Proof. Suppose that the statement does not hold, and let m be minimal with the property that there is a positive integer n such that every "optimal" tree (tree attaining the maximum max |T |=n c(A 5 , T )) has a fringe subtree with m or fewer leaves that does not lie in 1≤k≤m L(k). Clearly, m > 1. By our choice of m, there must be an optimal tree T with n leaves for which all fringe subtrees with less than m leaves lie in 1≤k<m L(k). Among all possible choices of T , we can choose one for which the number of m-leaf fringe subtrees that do not lie in L(m) is minimal. Consider one of these fringe subtrees T m), again contradicting the choice of T . So for the remaining cases, we can at least assume that T ∈ H 1 (n).
• There is a binary tree S ∈ L(m) such that c(CD In this case, we can replace T [v] by S to obtain a new tree with at least as many copies of A 5 as T by Lemma 6. This contradicts our choice of T (it is either not optimal, or it does not have the smallest number of m-leaf fringe subtrees that do not lie in L(m)).
• There are binary trees
In this case, we can replace T [v] by either S 1 or S 2 to obtain a contradiction in the same way as in the previous case (now by means of Lemma 7). Since we reach a contradiction in all possible cases, the proof is complete.
For a practical implementation of this algorithm, it actually suffices to work with the lists
. These values can be calculated recursively: if the branches of a binary tree T are B 1 and B 2 , we have
These formulas can be explained as follows:
• A subset of five leaves of the leaf-set of T can either be a subset of leaves of B 1 , or a subset of leaves of B 2 , or splits into leaves of both B 1 and B 2 . In the latter case, the split must be of the type 1 − 4 (or 4 − 1) as the branches of A 5 are S 1 and CD 2 2 . Moreover, the four leaves that lie in one branch have to induce CD 2 2 there. This proves the recursion for A 5 .
• Four leaves of T that induce the tree CD 2 2 can either lie entirely in T 1 or T 2 ; or precisely two leaves in each of the branches B 1 and B 2 of T induce the star S 2 to obtain a copy of CD can be determined easily from L(n).
Proof of Theorem 1
This section is devoted to proving Theorem 1. Recall that we are going to use the binary tree S(n 1 , n 2 , n 3 , n 4 ) presented in Figure 6 . Moreover, we now need to consider only I 2 (A 5 ) because it is established in [6, Corollary 8] that J(B) = I 2 (B) for every binary tree B.
Proof of Theorem 1. Let us set n = n 1 + n 2 + n 3 + n 4 . Recall from equation (5) that a recursion for the number of copies of A 5 in any binary tree T with branches B 1 and B 2 is given by
So for the tree S(n 1 , n 2 , n 3 , n 4 ), we obtain c A 5 , S(n 1 , n 2 , n 3 , n 4 ) = c A 5 , E
where T n 3 ,n 4 is the binary tree whose branches are the even binary trees E 2 n 3 and E 2 n 4 , while T n 2 ,n 3 ,n 4 is the binary tree whose branches are E 2 n 2 and T n 3 ,n 4 . Also, recall from equation (6) that a recursion for the number of copies of CD 2 2 in any binary tree T with branches B 1 and B 2 is given by
So for the binary tree T n 2 ,n 3 ,n 4 , we get
for all n. On the other hand, using this asymptotic formula along with the recursion
which follows from (5) by the definition of the even binary tree E 2 n , it is not hard to prove that there exist absolute constants K 1 , K 2 ≥ 0 such that the double inequality
holds for all n-the details are omitted. Now, let x 1 , x 2 , x 3 , x 4 be positive real numbers with x 1 + x 2 + x 3 + x 4 = 1. We set n i = x i n = x i n + O(1) for i = 1, 2, 3, 4. Combining all the asymptotic formulas, we can now rewrite c A 5 , S(n 1 , n 2 , n 3 , n 4 ) as follows: c A 5 , S(n 1 , n 2 , n 3 , n 4 ) = n 
Then we obtain
With the help of a computer, we find that the global maximum of the function F (x 1 , x 2 , x 3 ) in the region covered by the inequalities 0 < x 1 , x 2 , x 3 < 1, Thus we have
The inequality
follows. This concludes the proof of the first part of the theorem. For the upper bound, we make use of Theorem 9 which states that the maximum of c(A 5 , T ) for binary trees T with n leaves can be determined purely by focusing on the sets L(n) whose algorithmic description is given in Section 3. Recall that by Theorem 3 in [4], we have
for every n ≥ 5. Thus we want to calculate the maximum for different values of n. When our algorithm terminates, the maximum number of copies of A 5 among all binary trees with n leaves can be read off as the greatest x-coordinate (first coordinate) of the elements of L(n), that is the x-coordinate of the very first element of L(n)-see the discussion before Theorem 9.
We have implemented this algorithm in Mathematica. The notebook can be accessed at http://math.sun.ac.za/ ∼ swagner/TreeA5Final. The precise values of a n = max |T |=n T binary tree γ(A 5 , T ) have been computed for n ≤ 2000-see Table 1 . Table 1 . Maximum density a n of A 5 among n-leaf binary trees n 5 6 7 8 9 10 20 30 a n 1 Figure 7 . The ternary tree W for all n. Moreover, the number of copies of Q 4 in any topological tree T with two branches T 1 , T 2 is given by c(Q 4 , T ) = c(Q 4 , T 1 ) + c(Q 4 , T 2 ) + |T 1 | · c(S 3 , T 2 ) + |T 2 | · c(S 3 , T 1 ) .
For x ∈ (0, 1), set n 1 = xn and n 2 = (1 − x)n , and let n → ∞. Combining all the formulas above, we see that an asymptotic formula for c Q 4 , T n 1 ,n 2 is given by This completes the proof of the lower bound in the theorem.
The proof of the upper bound is also via an algorithmic approach and is quite similar to the one given for the binary tree A 5 in Section 3. Recall again that by Theorem 3 in [4] ,
|T |=n T ternary tree γ(Q 4 , T ), so the aim is to compute the right hand side for different values of n. The algorithm is essentially the same as for A 5 , with the trees Q 4 and S 3 assuming the roles of A 5 and CD 2 2 respectively. The only difference is that trees with two or three branches have to be considered in the construction of the sets L(n). have been determined for values of n up to 500; see Table 2 . Table 2 . Maximum density b n of Q 4 among n-leaf ternary trees n 4 5
